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Pol ynom al gcd(Pol ynom al p, Polynomal q) {
while (g.signun() !'= 0) {
Pol ynomal r = p.remainder(q);
P op
q r,

return p;



@ailrec def gcd(x: T, y: T) =if (y.isZero) x else
gcd(y, x %vy)



Static types 03/ 20

val a: Apple
val b: Orange

atb // conpile error

P In z[x]
1 also in z[x]

p+l // fails

* too strict
-> we need a nmechanismto restore flexibility
- nunmeric pronotion
-> already exists for build-in types (e.g. int/long)
-> customtypes . inplicit conversion



Enrichnent and pronotion 04/ 20

* custom types

exanple : nmultiprecision arithnetic

(bj ect oriented | anguages are well suited (Java)

-> java. mat h. Bi gl nt eger

syntax I1s verbose, nethod nanes are literal "add"

two nore features have to be found el sewhere

- Enrichenent : to endow a nuneric type wwth arithnetic

operators

- nuneric pronotion : to |lift an operand value froma

Subset type to the type of the other operand

two approaches to enri chnent
- oObjet-oriented (wapper)
- functional (type cl asses)



Enrichnent : the object-oriented approach 05/ 20

Bigint

Biginteger
| _add(that) ___ |  +(that)




Enrichnment : the functional approach 06/ 20

Ring[Biginteger]

(x)+(y) = x.add(y)

Biginteger

___add(that)
+(that)




Nuneric pronotion : the wapper case 07/ 20
val a = Bigint(1)

[/ actual type is Int

/| expected type i s Biglnt

/[l conversion | ooked up in inplicit scope of Int => Biglnt
/[l 1ncludes Biglnt's conpani on obj ect

val b =a + 1

[/ inplicit scope of Int => { def +(arg: Bigint): U}
[/ again Biglnt's conpanion
val ¢ =1 + a

obj ect Biglnt:
Inplicit def int2bigint(i: Int): Biglnt = apply(i)

https://docs. scal a-|1 ang. or g/ scal a3/ r ef erence/ changed-
features/inplicit-conversions-spec. htm



Nuneric pronotion : the typeclass case 08/ 20

| nport java. mat h. Bi gl nt eger
| nport scal a. | anguage. i nplicitConversions

trait Rng[T]:
extension (x: T) def + (y: T): T

given r: Ring[Biglnteger] wth
gi ven Conversion[Int, Biglnteger] = Biglnteger.valueO ()
extension (x: Biglnteger) def + (y: Biglnteger) =

X. add(y)

| nport r.given
Bi gl nteger("1")

a+ 1 // works
1 +al/l fails

val a
val b
val ¢



Nuneric pronotion : the typeclass case 08/ 20

| nport java. mat h. Bi gl nt eger
| nport scal a. | anguage. i nplicitConversions

trait Rng[T]:
extension (x: T) def + (y: T): T

given r: Ring[Biglnteger] wth
gi ven Conversion[Int, Biglnteger] = Biglnteger.valueO ()
extension (x: Biglnteger) def + (y: Biglnteger) =

X. add(y)

| nport r.{given, *}

Bi gl nteger("1")
a+ 1 // works
1 + a// works

val a
val b
val ¢



Defining several instances in the sane scope 09/ 20

case class MyIntl1l(n: Int)
case class MyInt2(n: Int)

given r: Ring[MyIntl] wth
gi ven Conversion[Int, Myintl] = MyInt1( )
extension (x: MyIntl) def + (y: MyIntl) = My Intl(x.n +

y.n)

given s: Ring[M/Int2] wth
gi ven Conversion[Int, M/Int2] = M/nt2( )
extension (x: MyInt2) def + (y: MyInt2) = Mint2(x.n +

y.n)

| nport r.{given, *}
| nport s.{given, *}



Defining several instances in the sane scope (cont.) 10/20

MInt1(1) + 1 // ok
MiInt2(1) + 1 // ok

1 + MyInt1l(1l) // None of the overl oaded alternatives

of nmethod + in class Int with types ... match argunents
(Myl nt 1)

1 + MyInt2(1l) // None of the overl oaded alternatives

of nmethod + in class Int with types ... match argunents

( Myl nt 2)



Defining several instances in the sane scope (cont2) 11/20

1 ++ Mylnt1(1)

NNNN

value ++ i s not a nenber of Int.
An extension nethod was tried, but could not be fully

construct ed:

s. ++(s.given_Conversion_Int _M/Int2. apply(1l))

failed wth:

Anmbi guous ext ensi on net hods:

both s. ++(s.given _Conversion_Int_MiInt2. apply(1))
and r.++(r.given_Conversion_Int _Mintl. apply(1))
are possi bl e expansi ons of 1. ++



| nt erl ude



Interlude : Categorial view of conputer al gebra
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Semigroups and monoids

Here's the Monoid type class definition:

trait SemiGroup[T]:
extension (x: T) def combine (y: T): T

trait Monoid[T] extends SemiGroup[T]:
def unit: T

An implementation of this Monoid type class for the type String can be
the following:

given Monoid[String] with
extension (x: String) def combine (y: String): String = x.concat("

An L iimtt . L
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Appl i cati ons

- synbolic conputation is niche

- nuneric applications can take advantage of sone al gebraic
structure

- linear algebra : vectors/nmatrices, scientific conmputing

| N gener al

- conpl ex nunbers (standard |ibrary?)

- bool ean algebra : l|ogic

al pha=>( bet a=>al pha)
(al pha=>( bet a=>gamm) ) =>( ( al pha=>bet a) =>( al pha=>ganmm) )
((p=>q) =>p) =>p



val take = pp.take(1l)
val drop = pp.drop(1)
def newl nstance: [C] => (Uni queFactorizati onDomai n[ C],
Power Product[M) => MiultivariatePolynomal[T, C M
def gcdl(x: T[C, M, y: T[C M): T C M
def gcd(x: T[C, M, y: T[C M) =1f (length > 1) then
val s = newl nstance(new nstance(ring, drop), take)
s. gcd(x.convertTo(using s), Yy.convertTo(using
S)).convertFron(s)
el se
val (a, p) = contentAndPrimtivePart (x)
val (b, q) = contentAndPrimtivePart (y)
primtivePart(gcdl(p, )% ring.gcd(a, Db)



def gcd(x: T, y: T) =
val (a, p) =
val (b, q) =
gi ven nodul e: Mdule[T, C N
("c", 3)
val |ist = nodul e. gb(
Array(p, 1, 0),
Array(q, 0, 1)
)
val Array(_, u, v) = list.|ast
(p/ v)% ring.gcd(a, b)

content AndPrimti vePart ( x)
content AndPrimtivePart(y)

new Modul e(using this)



Algorithm GCD-by-syzygy

e Input: A pair of polynomials { p(xy, .., X,), g(x1, -, Xp)} INK[XY, .., X,].

e Qutput: GCD (p, q).

e Steps:

1. Setup the matrix M = ( g é ? ) We regard the rows as generators of a submodule of K[x, .., x,]”, so the columns index the
vector components.

2. Form a modification of POT ordering that has column 1 larger than columns 2 and 3, and also larger than all ring variables.
a. For purposes of efficiency we will actually use term over position (TOP) ordering for our handling of ordering of

polynomial variables with respect to columns 2 and 3.

b. If we use tag variables {¢;, ¢, ¢z} for the columns, then our variable order becomes ¢; > {x,, .., X,} > {¢, ¢}
c. We use a degree reverse lexicographic term order on the subset {x, .., x,}. This helps for efficiency and also simplifies the

proof of correctness.
3. Compute the Gribner basis for this module with respect to the above term order. The result, again represented as a matrix,
& * =*
will have the form G= gz * *
0 u v
4, Take the last row of G. As in the univariate case, the syzygy relation is u(x,, ..., X,) p(X1, -y X)) + VX1, . Xp) G(X7, oy X)) = 0.

5. Compute the quotient g(xy, .., X,) = PxeX) This is our GCD.

- L{I] "“"rﬂ} )



Wor kar ounds



Nest ed al gebraic structure

given r: Ring[Biglnteger] wth
gi ven Conversion[Int, Biglnteger] = Biglnteger.valueO ()
extension(x: Biglnteger) def + (y: Biglnteger) = x.add(y)

case class Poly[C](n: O
trait PolyRi ng[C](using ring: R ng[C]) extends

Ri ng[ Pol y[ (] ]:
given [D] (using Conversion[D, C]): Conversion[D, Poly[(C]

= X => Pol y(x)
extension (x: Poly[C]) def + (y: Poly[C]) =
| nport ring.*

Poly(x.n + y.n)

given s: PolyRi ng[Biglnteger] with {}



Wor kar ounds : avoi di ng

| nport r.{given} // do not inport this operator
| nport s.{given, *} // inport this one

val a
val X

Bi gl nt eger ("1")
Pol y(Bi gl nteger("1"))

/[l everything is lifted to the top ring

val b = a + 1
val ¢ =1 + a
val d = x + a
val e = a + X
val f = x + 1
val g =1 + x



| nt roduction of the into keyword

trait Rng[T]:

extension (x: T)
def + (y: T): T



| nt roduction of the into keyword

trait Rng[T]:

extension (x: into T)
def + (y: into T): T



The context bounds alternative to inplicit conversion

trait Rng[T]:

extension (x: T)
def + (y: T): T



The context bounds alternative to inplicit conversion

trait Rng[T]:
extension (x: T) def add(y: T): T
extension (x: T)
def + (y: T) = x.add(y)



The context bounds alternative to inplicit conversion

trait Rng[T]:
extension (x: T) def add(y: T): T
extension (x: into T)
def + (y: into T) = x.add(y)



The context bounds alternative to inplicit conversion

type Conversion[T] =[X =>> X =T
extension [U (x: U
def unary ~[T](using c: U=>T) = c(Xx)

trait Rng[T]:
extension (x: T) def add(y: T): T
extension[ U Conversion[T]](x: U
def + [V. Conversion[T]](y: V) = (~x).add(~y)



Cont ext bounds : before
given r: Ring[Biglnteger] wth
gi ven Conversion[Int, Biglnteger] = Biglnteger.val ueO ()

extension (x: Biglnteger) def + (y: Biglnteger) =
X. add(y)

| nport r.{given, *}

val ¢ =1 + a // works



Cont ext bounds : after
given r: Ring[Biglnteger] wth
given (Int => Biglnteger) = Biglnteger.val ueO( )
extension (x: Biglnteger) def add(y: Biglnteger) =
X. add(y)

| nport r.given

val ¢ =1 + a // works



Wor kar ounds : overridi ng

obj ect r extends R ng[Bi gl nteger]:
gi ven instance: r.type = this
given (Int => Biglnteger) = Biglnteger.val ueO( )
extension (x: Biglnteger) def add(y: Biglnteger) =
X. add(y)

| nport r.given

val ¢ =1 + a // works



Nest ed scope

extension (x: Poly[C]) def + (y: Poly[C]) =
| nport ring.*
Poly(x.n + y.n)

trait Ring[T]:
extension[ U Conversion[T]](x: U
def + [V. Conversion[T]](y: V) = (~x).add(~y)



Nest ed scope
extension (x: Poly[C]) def + (y: Poly[C]) =

Poly(x.n + y.n)

trait Ring[T]:
extension(x: T)
def + [V: Conversion[T]](y: V) = x.add(~y)



Nest ed scope
extension (x: Poly[C]) def + (y: Poly[C]) =

Poly(x.n + y.n)

trait Ring[T]:
extension(x: T)
def + [V: Conversion[T]](y: V) = x.add(~y)

obj ect Ring:
trait Conv[T] extends R ng[T]:
extension[ U Conversion[T]](x: U
def + [V. Conversion[T]](y: V) = (~x).add(~y)




ellanGroun

AbelianGroup

\

Wor kar ound splitting
Semiaroun
= Semigroup
conversion X
/\
Maonoid
= Monoid
“ A
/\
Rina

SN

Ring




Exampl e

obj ect Conpl ex extends Conplex.lnpl wth
Fi el d. Conv[ Conpl ex] :
gi ven i nstance: Conplex.type = this
cl ass | npl extends Al gebrai cNunmber (Rati onal)
(Variable.sqgrt(Biglnteger("-1"))) wth StarUFD Conpl ex]:
def real (x: Conplex) = x.coefficient(one)
def 1 mag(x: Conplex) = x.coefficient(generator(0))
override def conjugate(x: Conplex) = real (x) - sqrt(-1)
* 1 mag(x)
override def toString
overri de def toMat hM
update(1l + sqgrt(-1)\2)

" Conpl ex"
"<conpl exes/ >"



Sunmmary

* we want static types (no run-tine type cast)
* functional (typeclass based) rather than object oriented
-> nore flexible, efficient
-> mandat es operator | nport
* Introduce context bounds approach to inplicit conversion
-> allows to omt the operator | nport
* given instance as nenber field of its own typecl ass
-> I nstances are supersedi ng one anot her
-> allows to omt operator inports even in case there are
sever al
* In case of nested al gebraic structures:
-> split the typeclass hierarchy to isolate | eft-handed

pronoti on
* alot of contortions
-> still the price to pay for a nice mat henmati cal

not ati on



Thank you !

https://github.conirjolly/scas



